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Poststall Prediction of Multiple-Lifting-Surface
Configurations Using a Decambering Approach

Rinku Mukherjee∗ and Ashok Gopalarathnam†

North Carolina State University, Raleigh, North Carolina 27695-7910

A novel scheme, based on an iterative decambering approach, is presented for the prediction of poststall charac-
teristics of wings using known section data as inputs. The scheme is suitable for implementation in lifting-line and
vortex-lattice methods. The new scheme differs from earlier ones in the details of how the residual for the Newton
iteration is computed. With earlier schemes, multiple solutions for wings at poststall conditions were identified
only by observing that the final converged solution depended on the initial solution used for the iteration. With
the current scheme, multiple solutions at poststall conditions are brought to light right during the computation
of the residuals for the Newton iteration. In general, the new scheme is found to be more robust at achieving
convergence. Validation is provided by comparison with experimental data in the literature and by showing the
capability to predict well-known trends in stall behavior. The current method is also shown to have significant po-
tential for providing valuable information for prediction of aircraft stability and control characteristics at poststall
conditions.

Nomenclature
a0 = airfoil lift-curve slope in potential flow
CL = wing lift coefficient
Cl = airfoil lift coefficient
Cm = airfoil pitching-moment coefficient about the

quarter-chord
c = chord
D = damping factor
F = residual vector
f = element of residual vector
i, j = index of wing section
J = Jacobian matrix
N = number of wing sections
p = perturbation to δ1 or δ2

x2 = chordwise start location of the second decambering
function

α = angle of attack
β = angle of yaw
� = strength of bound vortex
δx = vector containing the corrections to the Newton variables
δ1(x) = first decambering function
δ2(x) = second decambering function
θ2 = angular coordinate corresponding to x2

Subscripts

eff = effective
max = maximum
p = perturbed value (for a given step of the iteration)
s = starting value (for a given step of the iteration)
t = target value (for a given step of the iteration); also tail
visc = represents value from two-dimensional viscous

experimental or computational data
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w = wing
1 = scheme 1
2 = scheme 2

Introduction

T HE ability of linear aerodynamic methods such as lifting-line
theory (LLT), Weissinger’s method, and vortex-lattice methods

(VLM) to successfully predict the lift and induced drag behavior of
medium- to high-aspect-ratio wings is well established. In these
methods, a linear lift curve with a slope of approximately 2π per
radian is typically assumed for the airfoil sections that form the
wings. For several decades, researchers have sought to extend these
linear prediction methods to handle the aerodynamic analysis of
wings in which nonlinear airfoil lift curves are taken into consid-
eration. The motivation behind these efforts was provided by the
desire to predict stall and poststall aerodynamic characteristics of
wings using experimental or computational section aerodynamic
data for poststall conditions. It is recognized that the flow over a
wing at poststall conditions is highly three dimensional, and the use
of a quasi-two-dimensional approach represents a significant ap-
proximation. The impetus for such a prediction method, however,
is provided by the need for rapid aerodynamic prediction capabil-
ities for such high-alpha conditions for aircraft stability, control
and simulation purposes and in the early phases of vehicle design.
Furthermore, even high-order computational-fluid-dynamics (CFD)
techniques are only now approaching the stage where they can be
reliably used for high-alpha aerodynamic prediction. These CFD
high-alpha analyses, however, require massive computing resources
and significant time even for the analysis at a single angle of attack.
Thus the search for rapid, albeit approximate, approaches for stall
and poststall prediction of wings using known section data continues
to be of interest.

The approaches for extending linear aerodynamic prediction
methods to handle nonlinear and poststall airfoil lift curves can
be broadly classified into two kinds: the iterative �-distribution ap-
proach and the α-correction approach. In the first approach, a lift dis-
tribution is first assumed on the wing and is then iteratively corrected
by determining the effective-α distribution using the nonlinear air-
foil lift curve. In the second approach, the deviation of the airfoil
nonlinear lift curve from the potential-flow linear lift curve is used to
apply a correction to the local α at each section of the wing. The fol-
lowing paragraphs provide brief descriptions of the two approaches.

Iterative Γ-Distribution Approach
Tani,1 in 1934, is believed to have developed the first success-

ful technique for handling nonlinear section lift curves in the LLT
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formulation. In his technique, a spanwise bound vorticity � dis-
tribution is first assumed; this distribution is used to compute the
distribution of induced velocities and hence induced angles αi and
effective angles of attack αeff along the lifting line. The distribu-
tion of αeff is then used to look up the operating Cl of the local
section using the known nonlinear Cl -α data for the airfoil. A new
� distribution is then computed from the spanwise Cl distribution.
The iteration is carried out until the � distribution converges. This
method worked well up to the onset of stall and was made popular
by the 1947 NACA report of Sivells and Neely2 that provided a
detailed description of the method and implemented a tabular pro-
cedure for hand calculation of the method for unswept wings with
arbitrary planform and airfoil lift-curve slopes. This method was
applied for analysis of wings up to the onset of stall, that is, until
a wing angle of attack at which some section on the wing has Cl

equal to the local section Cl max. At higher angles of attack where
some sections on the wing might have a negative lift-curve slope,
this successive-approximation approach appears to have failed.

Extensions of the approach to poststall angles of attack have been
investigated in several subsequent research efforts. Based on a sug-
gestion by von Kármán, Schairer3 and Sears4 investigated the pos-
sibility of nonunique solutions for poststall angles of attack. Their
research showed that multiple solutions are possible for poststall an-
gles of attack and include asymmetric lift distributions even when
the flight condition and geometry are perfectly symmetrical. Sub-
sequently, Piszkin and Levinsky5 and Levinsky6 developed a non-
linear lifting-line method based in part on the iterative approach
originally conceived by Tani.1 In addition to confirming the possi-
bility of multiple solutions at poststall angles of attack, Piszkin and
Levinsky also found that some of the converged solutions from their
method exhibited sawtooth-type oscillations in the spanwise lift dis-
tributions. Because they were restricted to the use of 10 panels per
side of the wing in their computer program, however, Piszkin and
Levinsky were unable to determine whether or not the oscillations
were a consequence of the coarse panel distribution. They presented
the occurrence of lift hysteresis for increasing and decreasing α and
the occurrence of zero-β rolling moments at poststall conditions.
Their results confirmed that for a poststall angle of attack the final
solution often depends on the starting solution for the initial lift
distribution. In other words, multiple solutions are possible for the
converged lift distribution for a poststall condition.

Anderson et al.7 published a nonlinear lifting-line theory in
1980 that they applied to drooped leading-edge wings below and
above stall. They presented results for wing CL -α curves that ex-
tended to very high poststall angles of attack close to 50 deg. A
similar approach was independently developed and presented by
McCormick,8 in which the nonlinear lifting-line theory was used
to examine the loss in roll damping for a wing near stall. In both
Refs. 7 and 8, it is reported that no asymmetric lift distributions
for symmetric flight conditions were observed even when the iter-
ations were started with asymmetric initial lift distributions. These
observations are different from those of Sears and Levinsky.

α-Correction Approach
An entirely different approach to the use of nonlinear section data

was developed by Tseng and Lan9 in 1988. Although their primary
focus was on vortex-dominated flows on low-aspect-ratio fighter-
type wings at high α, they incorporated the effect of boundary-layer
separation by iteratively reducing the angle of attack at each section
of the wing. In their method, the α reduction at any given wing
section is determined by the difference between the potential-flow
Cl and the viscous Cl , with the latter being obtained from the non-
linear section Cl -α curve. In contrast to the iterative �-distribution
approach, which can be used only in LLT-based methods because
of the explicit use of the induced and effective angles of attack in
the iteration, the α-reduction approach can be incorporated in LLT,
Weissinger’s method, and VLM. As a result, it can be used on swept,
low-aspect-ratio wings, and multiple-wing configurations. More re-
cently, the α-correction approach was used by van Dam et al.10 for
rapid estimation of CL max and other high-lift characteristics for air-
plane configurations. In their work,10 the authors show the effective-

ness of using the α-correction approach for wing CL max prediction
with two-dimensional aerodynamic characteristics obtained using
CFD computations with a Reynolds-averaged Navier–Stokes code.
Additionally, the results of Ref. 10 also demonstrate how the α-
correction approach is successful in estimating the CL max of wings
with part-span flaps, particularly when the start of the trailing-vortex
wake over the flapped portion is displaced vertically to account for
the downward location of the flap trailing edge.

In the current research, a decambering approach has been devel-
oped for predicting poststall aerodynamic characteristics of wings
using known section data. In this approach, the chordwise cam-
ber distribution at each section of the wing is reduced to account
for the viscous effects at high angles of attack. This approach is
similar in concept to the α-correction approach9,10 and can be in-
corporated in LLT, Weissinger’s method, and VLM. It differs from
the α-correction approach in its capability to use both the Cl and Cm

data for the section and in the use of a two-variable function for the
decambering. Also, unlike all of the earlier methods, the current ap-
proach uses a multidimensional Newton iteration that accounts for
the cross-coupling effects between the sections in predicting the de-
cambering for each step in the iteration. In addition, a novel scheme
has been developed for computing the residuals for the iteration
that brings to light multiple solutions at poststall conditions right
during the iteration process itself rather than as a consequence of
using multiple starting solutions. The following section illustrates
the concept of decambering using an example two-dimensional flow
past an airfoil. The iterative approach for three-dimensional wings
is discussed next. Results for single and multiple wings are then
presented.

Illustration of the Decambering Concept
This section provides an illustration of the decambering approach

and demonstrates the concept by using a simple example of a two-
dimensional flow past an NACA 0012 airfoil. It is illustrative to
examine this approach for the two-dimensional situation first be-
cause the approach as applied to the flow past a three-dimensional
finite wing will be described in the following section.

With increasing angle of attack, the boundary layer on the upper
surface of an airfoil thickens and finally separates. It is this flow
separation that causes the viscous Cl and Cm to deviate from the
potential-flow theory predictions. These deviations can be related
to the effective change in the chordwise camber distribution because
of the boundary-layer displacement thickness and separation. If the
effective decambering is taken into account, then a potential-flow
prediction for the decambered airfoil will closely match the viscous
Cl and Cm for the high-α flow past the original airfoil shape. This
decambering idea served as the basis for the formulation of the
current approach for the three-dimensional flow problem.

Although the camber reduction caused by the boundary layer on
an airfoil can be determined from computational analyses, no such
detailed information is available from wind-tunnel results. Wind-
tunnel results for airfoils typically consist of only the Cl -α and Cm-
α curves. This section discusses the approach for determining an
“equivalent” camber reduction from the Cl -α and Cm-α data for an
airfoil. More specifically, the effective decambering for a particular
α is computed using the deviations of the viscous Cl and Cm from
the potential-flow predictions for that airfoil. These deviations in Cl

and Cm are denoted by �Cl and �Cm , respectively.
In the current method, the effective decambering of an airfoil

is approximated using a function of two variables δ1 and δ2, as
shown in Fig. 1. These two linear functions are added to obtain the
final decambering function. The reason for using two variables is
that the decambering is determined from two pieces of information:
the Cl and the Cm for the α under consideration. Of course, this
approximation will not match the actual viscous decambering, but
the objective here is only to find an equivalent camber reduction in
order to match the viscous Cl and Cm for the α under consideration.

The incremental effects of δ1 and δ2 on the changes to Cl and
Cm for a given α can be computed reasonably well using thin air-
foil theory and a three-term Fourier series approximation for a flat
plate with a flap deflection.11 For any given α, �Cl and �Cm are
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Fig. 1 Schematic diagram of decambering functions 1 and 2 (δ1 and
δ2 are negative as shown and exaggerated for clarity).

a)

b)

Fig. 2 Comparison of potential-flow predictions for the decambered
airfoil with the viscous-flow values for the original airfoil: a) Cl and
b) Cm.

defined as the differences between the viscous and the potential-flow
predictions for Cl and Cm as follows:

�Cl = (Cl)viscous − (Cl)potential (1)

�Cm = (Cm)viscous − (Cm)potential (2)

If �Cl and �Cm are known for a given α, then the values of δ1

and δ2 in radians can be written as

δ2 = �Cm

1
4

sin 2θ2 − 1
2

sin θ2

(3)

δ1 = �Cl − [2(π − θ2) + 2 sin θ2]δ2

2π
(4)

where θ2 is the angular location in radians of the start point for the
decambering function 2 shown in Fig. 1 and can be expressed in
terms of its x/c location x2 as follows:

θ2 = cos−1(1 − 2x2), x2 = 0.8 (5)

In the current work, x2 is arbitrarily assumed to be 0.8, although
typically any value from 0.5 to 0.9 works well.

Thus, if the potential-flow and viscous-flow Cl -α and Cm-α data
for an airfoil are available, the decambering function defined by
δ1 and δ2 at each α can be determined. The effectiveness of the
decambering approach is shown in Fig. 2 for an NACA 0012 air-

foil. It can be seen from Fig. 2 that the potential-flow Cl -α and
Cm-α predictions for the decambered airfoil closely match the cor-
responding viscous data, demonstrating that the two-variable de-
cambering function is appropriate for the current objective. In this
comparison, the viscous results were computed using the XFOIL12

code, and the potential-flow results for the original and the decam-
bered shapes were computed using a lumped-vortex method for thin
camberlines.11 The Cl predictions from the lumped-vortex method
were corrected for thickness effects using an empirical approach11

in which the Cl values were scaled by a factor of [1 + 0.77(t/c)max].
In the following section, this decambering approach is extended

to the analysis of multiple lifting surfaces, and the decambering at
each wing section is evaluated in an iterative fashion.

Methodology
The objective of the research was to incorporate the two-variable

decambering function in a three-dimensional analysis method such
as a VLM in an iterative fashion. In a typical VLM, the lifting surface
is divided into several spanwise and chordwise lattices. Associated
with each lattice is a horseshoe vortex. Each spanwise section j
(composed of a row of chordwise lattices) has two variables δ1 j and
δ2 j for defining the local decambered geometry at that section.

Unlike in the two-dimensional illustration, where the δ1 and δ2

were selected to match the differences between the potential-flow
and the viscous-flow results, in the three-dimensional case, chang-
ing a δ on one section is likely to have a significant effect on the
neighboring sections and on the sections of the downstream lifting
surfaces. To account for these effects, a 2N -dimensional Newton
iteration is used to predict the δ1 and δ2 at each of the N sections of
all of the wings so that the �Cl and �Cm at these sections approach
zero as the iteration progresses. A 2N × 2N matrix equation, as
shown in Eq. (6) is solved at each step of the Newton iteration.13

J · δx = −F (6)

In this equation, F is a 2N -dimensional vector containing the resid-
uals of the functions fi to be zeroed, δx is the 2N -dimensional
vector containing the corrections required to the 2N variables xi to
bring the elements of vector F closer to zero, and J is the 2N × 2N
Jacobian of the system containing the gradient information.

The Jacobian is partitioned into four submatrices as shown in
Eq. (7). Equations (8–11) show the elements of the four submatri-
ces to illustrate the computation of the changes to �Cl and �Cm

at section i as a result of small perturbations to the decambering
variables δ1 and δ2 at section j .

J =
(

Jl1 Jl2

Jm1 Jm2

)
(7)

(Jl1)i, j = ∂�Cl i

∂δ1, j
=

(
Cl p

)
i
− (

Cl s

)
i[(

δ1s

)
j
+ p

] − (
δ1s

)
j

(8)

(Jm1)i, j = ∂�Cm i

∂δ1, j
=

(
Cm p

)
i
− (

Cm s

)
i[(

δ1s

)
j
+ p

] − (
δ1s

)
j

(9)

(Jl2)i, j = ∂�Cl i

∂δ2, j
=

(
Cl p

)
i
− (

Cl s

)
i[(

δ2s

)
j
+ p

] − (
δ2s

)
j

(10)

(Jm2)i, j = ∂�Cm i

∂δ2, j
=

(
Cm p

)
i
− (

Cm s

)
i[(

δ2s

)
j
+ p

] − (
δ2s

)
j

(11)

For each step of the iteration, F and J are determined, and δx
is computed using Eq. (6). The corrections are then applied to the
values of δ1 and δ2 for all of the sections in an effort to bring the resid-
uals closer to zero. Using this overall methodology, two schemes
have been formulated for determining the poststall solution of a fi-
nite wing. The two schemes differ in the details of how the residuals
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a)

b)

Fig. 3 Residual computation: a) illustration of the differences in com-
putation of the residuals using schemes 1 and 2 and b) illustration of the
different ways in which trajectory lines for scheme 2 can intersect the
airfoil Cl-α curve.

are computed. The first scheme, introduced in Ref. 14, was found
to work well for certain airfoil lift curves, but failed to converge
for several other lift-curve shapes. This lack of robustness provided
the impetus for developing the second scheme. These two schemes
have been incorporated in a custom vortex-lattice method VLM3D
and in a discrete-vortex Weissinger’s method code WINGS. All of
the results in this paper are from the VLM3D code.

The iteration procedure and the two schemes can be summarized
using the following steps and Fig. 3a:

1) Assume starting values of the decambering variables δ1 and δ2

for each section of each wing; for example, section j has starting
values denoted by (δ1s) j and (δ2s) j .

2) Compute, using VLM3D, the aerodynamic characteristics of
the lifting-surface configuration, each section of which has been
decambered by δ1s and δ2s for that section. VLM3D accounts for
the decambering by appropriately rotating the unit normal vector of
each lattice. The VLM3D analysis provides the Cl and Cm of each
section as output. These are the starting values for the current step
of the iteration and are denoted by (Cl s) j and (Cm s) j for section j .
(Cl s) j is shown in Fig. 3a.

3) Compute the starting values of the effective angle of attack of
each section, denoted by αs in Fig. 3a, corresponding to the section
Cl ; for example, the effective angle of attack of section j is denoted
by (αs) j and is obtained by setting (Cl)sec = (Cl s) j in the following
equation:

αeff = (Cl)sec/a0 − δ1 − δ2(1 − θ2/π + sin θ2/π) + α0l (12)

which describes the relationship between the local Cl and local α
for a decambered section operating in potential flow with a section
lift-curve slope of a0 (typically 2π per radian), zero-lift angle of
attack of α0l for the original section without decambering, and de-
cambering variables of δ1 and δ2. In Eq. (12), the last three terms
together represent the zero-lift angle of attack of the decambered
section.

4) Residuals for scheme 1: Compute the target Cl for each sec-
tion as the Cl on the airfoil Cl -α curve corresponding to (αs) j ; for
example, the target Cl of section j is given by (Cl t,1) j (subscript

1 denotes scheme 1), as shown in Fig. 3a. Similarly, (Cm t,1) j , the
target Cm for section j , is the Cm on the airfoil Cm-α curve corre-
sponding to (αs) j . Hence, compute the residuals for scheme 1 as
�Cl,1 = (Cl s) j − (Cl t,1) j and �Cm,1 = (Cm s) j − (Cm t,1) j .

5) Perturb δ1 at section j by adding a small perturbation p.
6) Compute the wing aerodynamic characteristics with the per-

turbed decambering using VLM3D; the resulting Cl and Cm for sec-
tion j are denoted by (Cl p) j and (Cm p) j . (Cl p) j is shown in Fig. 3a.
Hence, compute the j th column of Jl1 and Jm1 using Eqs. (8) and (9).

7) Residuals for Scheme 2: Compute the effective angle of attack
of each section for the perturbed decambering, denoted in Fig. 3a by
αp; for example, the effective angle of attack of section j is obtained
by setting (Clsec) = (Cl p) j in Eq. (12). This effective angle of attack
is denoted by (αp) j for section j . The line joining the points [αs, Cl s]
and [αp, Cl p] for any section is called the “trajectory line” for that
section, as it determines the linearized trajectory of how a point on
the Cl -α curve defined by the section αeff and section Cl moves with
changes to δ1 on that section. This trajectory line is illustrated in
Fig. 3a. Therefore, in scheme 2, the target Cl , (Cl t,2) j , of section j
for example, is the point of intersection between the trajectory line
for section j and the airfoil lift curve for the section as illustrated in
Fig. 3a. The corresponding α is (αt,2) j , which is the α of the point
of intersection. The target pitching-moment coefficient, (Cm t,2) j is
Cm on the airfoil Cm-α curve corresponding to (αt,2) j . The residuals
for scheme 2 are now computed as (�Cl,2) j = (Cl s) j − (Cl t,2) j and
(�Cm,2) j = (Cm s) j − (Cm t,1) j .

8) Reset the value of δ1 at section j to (δ1s) j .
9) Cycle through steps 5–8 for all values of the section index j

to compute all of the columns of Jl1 and Jm1.
10) Repeat steps 5–9 now perturbing δ2 instead of δ1 to compute

Jl2 and Jm2. In this process, the computation of the residuals for
scheme 2 in step 7 is ignored, as they have already been computed.

11) Using the Newton equation in Eq. (6), compute the correction
vector δx. Update the values of δ1s and δ2s by adding the correction
vector δx multiplied by a user-specified damping factor D (also
referred to under-relaxation factor), and go to step 2.

This iteration process is carried out until all of the residuals have
converged to a specified tolerance. In the current work a damping
factor of 0.1 and a tolerance of 0.001 have been used in all of the
examples.

Multiple intersections with Inclined Trajectory Line
Figure 3b illustrates an important consequence of using an in-

clined trajectory line for determining the target Cl in scheme 2. Three
possible ways in which the trajectory line can intersect the airfoil
lift curve are illustrated in Fig. 3b: 1) the trajectory line marked as
L1 intersects the airfoil lift curve at a single prestall point, 2) the
trajectory line marked as L2 intersects the airfoil lift curve at mul-
tiple points, and 3) the trajectory line marked as L3 intersects the
airfoil lift curve at a single point in the poststall region. Although
there is no ambiguity in determining the values of the target Cl for
lines L1 and L3, there clearly are three possible choices for the tar-
get Cl for line L2. This illustration clearly demonstrates that it is
possible to obtain multiple solutions for poststall conditions, a fact
that was apparently first suggested by von Kármán (see Ref. 4) and
has since been discussed by several researchers.3−8,14 However, the
approach in scheme 2 is novel because this scheme is believed to
be the first one in which the possibility of multiple solutions for
high angles of attack is brought to light right during the iteration
process. Earlier approaches including scheme 1 were able to iden-
tify the existence of multiple solutions only as a result of obtaining
multiple final converged solutions with different initial conditions
for the iteration procedure.

The existence of multiple intersections also presents a dilemma
in choosing an appropriate target Cl from the possible multiple solu-
tions. The following procedure was developed for making the choice
during the iteration process. At each step of the iteration, each of the
sections on all of the wings is examined to identify those with single
intersections, as identified by points A and B in Fig. 3b. The target
Cl values for these sections are identified without ambiguity. Using
a logical switch called “lpoststall” in the code, each of these sections
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is also tagged as “stalled” or “unstalled” depending on whether the
α for the intersection point is greater than or less than the α for Clmax.
For example, lpoststall is tagged unstalled for point A and stalled
for point B in Fig. 3b. The sections with multiple intersections are
then examined. Using the trajectory line L2 in Fig. 3b for example,
the intersection point 1 is chosen if the logical switch lpoststall for
the section is unstalled, and the intersection point 3 is chosen if the
logical switch for the section is stalled.

Next, another logic is applied in which all of the sections of the
wings are scanned to identify sets of contiguous sections, all of
which have multiple intersections and all of which are also tagged
as unstalled. If any of these sets of contiguous sections are bound on
both sides by sections tagged as stalled, then all of the sections in this
set are switched to stalled. This logic largely removed any occur-
rence of unstalled regions with multiple intersections sandwiched
between two stalled regions.

The values of the logical switch for all of the sections are carried
over from one iteration to the next as well as from one α to the next
when performing the analysis for a sequence of angles of attack.
Thus, if a section gets tagged as stalled at any point in the iteration it
remains tagged as stalled unless the section ends up with a trajectory
line like L1 in Fig. 3b when it gets switched to unstalled.

Although the methodology uses a two-variable decambering
function, for cases where the experimental or computational viscous
data for the airfoil section does not have Cm information, or for cases
where the decambering approach is applied to an analysis method
that cannot compute the section pitching moments (e.g., LLT or a
Weissinger’s method), the decambering is modeled as a function of
a single variable δ1; δ2 is set to zero. In this case, the viscous de-
cambering function becomes similar to that used in the α-reduction
approach.9,10 The inclined trajectory line for computing the residuals
in scheme 2 is still applicable when the single-variable decamber-
ing function is used, and this approach makes the scheme 2 different
from those developed earlier.

Results
The iterative decambering approach has been implemented for

the analysis of multiple-lifting-surface configurations in VLM3D,
a custom VLM code. In this section, poststall results from VLM3D
are presented for two airfoil lift curves, different planform shapes,
and a wing-tail configuration. The computation of the residuals has
been implemented using the two schemes, and the effectiveness of
the two schemes is compared. The examples presented in this section
are as follows:

1) In the first example, the results from the current method are
compared with experimental results from the wind-tunnel tests by
Ostowari and Naik.15 In their work,15 experimental Cl -α data for the
NACA 4415 airfoil at a Reynolds number of 0.5 × 106 is presented
along with experimental CL -α data for constant-chord finite wings of
several aspect ratios with the same airfoil and at the same Reynolds
number. The airfoil and finite-wing data in Ref. 15 were obtained in
the same wind tunnel. In this example, the two-dimensional experi-
mental data have been used as input to the method, and the predicted
finite-wing lift curves have been compared with the corresponding
experimental data. This example has been used to compare the ef-
fectiveness of the two schemes and to illustrate how the converged
solutions at poststall angles of attack are dependent on the starting
solution used for the iteration.

2) The second example is used to study the effect of wing taper
ratio on the stall characteristics of a wing and, in particular, how the
stall progresses along the span with increasing angle of attack.

3) The third example, a wing-tail configuration is analyzed to
demonstrate the capability of the current method to handle multiple-
lifting-surface configurations. The effect of the wing stall on the
aircraft pitching moment is shown to illustrate how the method can
be used for providing information for the study of stability and
control characteristics.

Example 1: Experimental Validation
In this example, experimental two-dimensional data15 for an

NACA 4415 airfoil at a Reynolds number of 0.5 × 106, shown in

Fig. 4 Airfoil Cl-α curve used in example 1.

Fig. 5 Wing CL-α predicted using the current method (VLM3D) for
a rectangular wing of aspect ratio 12 and compared with experimental
results from Ref. 15.

Fig. 6 Spanwise Cl distribution predicted for a rectangular wing of
aspect ratio 12 using scheme 1.

Fig. 4, is used as input to the VLM3D code to generate poststall
results for an unswept rectangular wing of aspect ratio 12. The
computational results for the wing of aspect ratio 12 are then com-
pared with the corresponding experimental CL -α curve from Ref. 15.
Figure 5 shows the wing CL -α curves from VLM3D using schemes
1 and 2. In the same figure, the airfoil Cl -α curve and the wing
CL -α curve from experiment15 are also shown for comparison. In
both schemes, the starting values of δ1 and δ2 for each α were taken
from the converged values for the previous α. For the first α of the
sequence, δ1 was set to −40 deg and δ2 was set to 0 deg for both
schemes.

As seen from Fig. 5, the predictions for the values of wing CL

at prestall angles of attack from the two schemes are identical. For
poststall conditions, the results of scheme 2 are closer than those
of scheme 1 to the experimental results. Figures 6 and 7 show the
spanwise Cl distributions from the current method for angles of at-
tack 18, 21, 32, and 36 deg from schemes 1 and 2, respectively.
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Fig. 7 Spanwise Cl distribution predicted for a rectangular wing of
aspect ratio 12 using scheme 2.

For all of the results presented in Figs. 6 and 7, convergence was
achieved to within a tolerance of 0.001 in �Cl and �Cm . CL max

occurs at around α of 18 deg. Experimental results for the spanwise
Cl distributions were not available for comparison. As seen from
the results of scheme 1 in Fig. 6, there is substantial “sawtooth be-
havior” in the spanwise Cl distributions with regions of unstalled
flow sandwiched between regions of stalled flow. Such undesirable
spanwise sawtooth oscillations are a common problem in numerical
techniques that use known section data for the prediction of wing
poststall characteristics, as also noted by other researchers.6−8 Al-
though these sawtooth results correspond to numerically converged
solutions, it is believed that a real flow cannot have such spanwise
oscillations. The results from scheme 2, shown in Fig. 7, do not
exhibit these sawtooth oscillations for a majority of the conditions.
For this reason, scheme 2 is considered more acceptable.

The wing CL from scheme 2 in Fig. 5 shows that as the α is
increased to 18 deg the CL continues to increase. At this condition
the entire wing remains unstalled as the section Cl values are less
than the Cl max of 1.39. This can be confirmed by examining the
spanwise section Cl distribution from scheme 2 in Fig. 7 for α of
18 deg. At 18 deg the inboard portion of the wing is close to stall.
As the α is increased between 18 and 21 deg, the inboard portion
of the wing stalls and a portion of the semispan between the root
and the tip is close to stall, as can be seen from the spanwise section
Cl distribution for α of 21 deg in Fig. 7. As the α is increased
beyond 21 deg, the spanwise extent of the stalled portion increases.
At 32 deg, most of the wing has stalled, and the outboard portion
is close to stall, as shown in Fig. 7. Between 32 and 44 deg, the Cl

on the stalled portion of the wing increases, as seen in Fig. 7 for α
of 36 deg. The wing CL therefore increases between 32 and 44 deg,
as shown in Fig. 5. Beyond 44 deg, the wing CL remains almost
constant at 1.2.

As shown in Fig. 7, for α of 21 deg, oscillations are seen in the
spanwise Cl distribution over the stalled portion of the wing. This
sawtooth region at α of 21 deg is examined closely in Fig. 8a, and
it illustrates that the sawtooth behavior occurs because of unstalled
sections being sandwiched between stalled sections. Such oscilla-
tions were observed for a few angles of attack, even though the
solutions are fully converged. Figure 8b shows the section Cl plot-
ted against the section effective angle of attack on the airfoil Cl -α
curve for the points corresponding to the upper and lower corners
of the sawtooth region in Fig. 8a. It is seen that the upper corners
of the sawtooth region (marked by ∗ in Figs. 8a and 8b) have con-
verged to the unstalled region of the airfoil Cl -α curve as shown in
Fig. 8b. The lower corners (marked by o in Figs. 8a and 8b), on the
other hand, have converged to the stalled region of the airfoil Cl -α
curve as shown in Fig. 8b. Because of the fact that the trajectory
lines for the upper-corner points intersect the airfoil Cl -α curve at
only a single point, the poststall logic was unable to remove such
oscillations.

a)

b)

Fig. 8 Sawtooth behavior in the spanwise Cl distribution for a rectan-
gular wing of aspect ratio 12: a) upper and lower corners of the sawtooth
region and b) location of the upper and lower corners shown in Fig. 8a
on the airfoil Cl-α curve.

Fig. 9 Wing CL variation with number of iterations for a rectangular
wing of aspect ratio 12.

The predicted CL -α results using scheme 2 in Fig. 5 are from an
analysis for a sequence of angles of attack from −5 to 60 deg. In
this angle-of-attack range, convergence was not achieved for a few
angles of attack. The data points plotted in Fig. 5 are for only those
angles of attack at which convergence was successfully achieved.
For example, convergence was not achieved at α of 27 deg. Figure 9
shows the convergence plot for the wing CL for α of 27 deg. It is
seen that the wing CL exhibits an undamped periodic oscillation
with a small amplitude of approximately 0.001 in CL and does not
converge to any particular value.

For a majority of the cases, scheme 2 is successful in converging to
realistic solutions. It is only for a few conditions that the converged
solution has a sawtooth behavior (e.g., α = 21 deg in Fig. 7) or
the solution does not converge as a result of an undamped periodic
convergence pattern as shown in Fig. 9.

Example 1: Effect of Initial Conditions for Scheme 2
Figure 10a shows the wing CL -α predicted using scheme 2

for two different starting conditions for the Newton iteration:
1) δ1 = −40 deg for all sections at each α and 2) δ1 = 0 deg for
all sections at each α. Figure 10b shows the spanwise Cl distribu-
tions for the two cases for α of 18 deg. The results clearly illustrate
that multiple solutions are possible for poststall conditions. When
the starting condition of δ1 = 0 deg is used, the starting solution cor-
responds to a stalled wing. As a result, for the portions of the wing
that are stalled, the lpoststall logical switch gets tagged as stalled



666 MUKHERJEE AND GOPALARATHNAM

a)

b)

Fig. 10 Aerodynamic properties predicted for a rectangular wing of
aspect ratio 12 for different starting values ofδ1 (theδ values shown were
used to start the iteration at each alpha): a) wing CL-α and b) spanwise
section Cl.

after the first iteration. On the other hand, when δ1 = −40 deg is used
as the starting condition the starting solution corresponds to a com-
pletely unstalled wing even for a high angle of attack. As a result,
the lpoststall gets tagged as unstalled after the first iteration. Thus
the two different CL -α curves for the two different starting values of
δ1, in effect, produce the hysteresis behavior that is similar to those
often seen in experimental (see Refs. 6 and 7) and computational6−8

results for increasing-α and decreasing-α sweeps. These results con-
firm the possibility of multiple solutions at poststall angles of attack
pointed out by other researchers3−8 and the sensitivity of poststall
solutions not only to the initial conditions but also to the schemes
used for the Newton iteration.

Example 1: Effect of Change to Aspect Ratio
In this section, the change to the predicted wing CL -α curve with

aspect ratio is studied using VLM3D. Three unswept rectangular
wings of aspect ratios of 12, 9, and 6 have been used. Figure 11a
shows the CL -α curves of the three wings from VLM3D using
scheme 2. In the same figure the airfoil Cl -α curve from experiment15

is also shown for comparison. Figure 11b shows the results for the
three wings from the experimental data of Ostowari and Naik.15 It
is seen that the current approach is successful in capturing all of the
important trends.

Summary of Example 1
The results from schemes 1 and 2 in this example show that

scheme 2 is more robust. The spanwise Cl distributions predicted
using scheme 1 exhibit substantial undesirable sawtooth behavior.
The spanwise Cl distributions predicted using scheme 2, on the
other hand, are devoid of such oscillations for most of the angles
of attack. Scheme 1 also has far more convergence problems than
scheme 2. Scheme 2 is therefore found to be better suited for poststall
prediction purposes, and the results presented henceforth will only
be from scheme 2.

Example 2: Study of Stall Characteristics
In this example, the change to the stall characteristics with change

to the wing taper ratio is studied using scheme 2. The airfoil used
has a hypothetical lift curve as shown in Fig. 12. This lift curve
is similar to those used by Sears4 and by Levinsky.6 Two unswept
wings of aspect ratio 10 and taper ratios of 0.3 and 1.0 are studied.
The right-side planforms of the wings are shown in the inset in
Fig. 12.

a)

b)

Fig. 11 Wing CL-α for rectangular wings of aspect ratios 12, 9, and
6: a) predicted using the VLM3D code and b) from the wind-tunnel
experiments of Ostowari and Naik.15

Fig. 12 Hypothetical airfoil lift curve used in examples 2 and 3, with
inset showing right-side planform shapes of the wings used in example 2.

The predicted wing CL -α curves for the two wings are shown in
Fig. 13, and the spanwise Cl distributions for α of 10, 17, 18, and
24 deg are shown in Fig. 14. It is observed from the wing CL -α
curves that the wing CL increases as the α is increased to 16 deg.
At these prestall conditions, the rectangular wing has the largest
section Cl among the two wings for any given α, as seen from the
spanwise Cl distributions for α = 10 deg in Fig. 14. As a result,
the rectangular wing is the earliest to stall and starts stalling from
the root at α = 17 deg. As seen from Fig. 14, the tapered wing, on
the other hand, is not stalled at α = 17 deg. At this α, although the
root portion of the rectangular wing is stalled, the remainder of the
wing is still well removed from stall in comparison to the tapered
wing.

When α is increased to 18 deg, the tapered wing also stalls, with
the stalled region extending more towards the wing tips than for the
rectangular wing. As seen from Fig. 14, the spanwise extent of stall
for the rectangular wing is largely unchanged between α = 17 and
18 deg. For this reason, although the rectangular wing is the first to
stall it has a gentler stall behavior than the tapered wing, as can be
confirmed by an examination of the CL -α curves in Fig. 13. For α
greater than 18 deg, both the wings are significantly stalled.

These predictions of the gentle stall characteristics of a rectangu-
lar wing and the more abrupt tip-stall characteristics of the highly
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Fig. 13 Wing CL-α curves for the rectangular and tapered wings used
in example 2, predicted using VLM3D (scheme 2).

Fig. 14 Spanwise Cl distributions for the rectangular and tapered
wings, predicted using VLM3D (scheme 2).

Fig. 15 Planform of the wing-tail configuration.

tapered wing are in accordance with well-known observations from
several wind-tunnel and flight-test experiments. The example, there-
fore, demonstrates the usefulness of the current approach in wing
design and analysis for stall and poststall behavior.

Example 3: Wing-Tail Configuration
This example illustrates the effectiveness of the current method

for a multiple-lifting-surface configuration. In this example, results
are presented for a high-aspect-ratio (AR = 10) constant-chord wing
geometry with a conventional aft tail. The planform for the wing-tail
configuration is shown in Fig. 15. For this example, a single airfoil
is assumed for both the wing and tail. The airfoil lift curve is the
hypothetical lift curve shown earlier in Fig. 12.

Fig. 16 Lift curves for the airfoil, the wing-tail configuration, and the
individual contributions of the wing and the tail.

Fig. 17 Spanwise Cl distributions for the wing-tail configuration.

Fig. 18 Pitching-moment curve for the wing-tail configuration.

Figure 16 shows the predicted CL -α curve for the wing-tail con-
figuration with scheme 2 and starting δ1 values of −25 deg for all
sections at each α. In the same figure, the airfoil Cl -α curve is also
plotted for comparison. Figure 16 also shows the CL ,w and CL ,t as a
function of α. The tail CL ,t in this plot is nondimensionalized with
reference to the tail area. It can be seen that the wing stalls when
α just exceeds 17 deg. In this example, the tail remains unstalled
over the entire α range considered. The spanwise Cl distributions
are shown in Fig. 17 for α values of 10, 15, 18, and 23 deg. These
values were chosen for illustrating the stall behavior.

Of particular interest when studying wing-tail configurations is
the aircraft pitching moment about the c.g. For this analysis, the c.g.
was located to provide a static margin of 10% of the wing mean
aerodynamic chord. A tail incidence of −5 deg was chosen so that
the aircraft is trimmed at α of 13 deg. In other words, the CM cg is
nearly zero at α of 13 deg. Figure 18 shows the variation of the
aircraft CM cg as a function of α. As the α is increased, a distinct
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increase in the nose-down pitching-moment coefficient (negative
CM cg) is seen at the onset of stall at α of 17 deg.

To examine the cause of this nose-down pitching moment at stall
onset, it is instructive to study the individual contributions of the
wing and the tail to the configuration lift curve as shown in Fig. 16.
It can be seen that there is a noticeable increase in the tail CL ,t

at the onset of wing stall at α of 17 deg. This increase in CL ,t at
stall onset contributes significantly to the increase in the nose-down
pitching moment at stall. The origin of the sudden increase in CL ,t

at stall can in turn be traced to the shape of the wing spanwise lift
distribution at the onset of stall. As seen earlier in Fig. 17, the wing
stall occurs at the root for α of 17 deg for this example. This loss in
lift over the inboard portion of the wing results in a reduction in the
downwash at the tail. In addition, it also results in a pair of trailing
vortices originating from the outboard ends of the stalled portion
of the wing [at y/(b/2) of approximately ±0.25]. These trailing
vortices cause an upwash at the tail. As a consequence of these two
factors, there is a distinct increase in the CL ,t and a resulting increase
in the nose-down pitching moment at the onset of stall.

Thus, as illustrated by this simple example, a method that can
predict the poststall characteristics of wing-tail configurations can
provide important information for the study of aircraft longitudinal
behavior at poststall conditions. These results can be further im-
proved by the addition of models for taking into consideration the
wake deformation and the dynamic-pressure loss in the wing wake.

Conclusions
A novel iteration scheme has been developed to implement a

decambering approach that accounts for the boundary-layer sep-
aration effects on each section of the wings of a multiple-lifting-
surface configuration. This numerical approach, when incorporated
in an analysis method such as a vortex-lattice code, allows for the
computation of poststall aerodynamic characteristics of wings us-
ing known section data. Although it is recognized that the surface
streamlines are no longer two dimensional at poststall conditions,
the current approach aims to provide rapid but approximate solu-
tions for such conditions for use in poststall flight dynamics and
simulation studies and in the early stages of configuration design.

A novel feature of the current iteration scheme is in the computa-
tion of the residual, which brings to light the existence of multiple
solutions at poststall conditions right during the iteration process.
In contrast, earlier approaches were able to identify the existence of
multiple solutions only as a result of obtaining multiple converged
solutions with different initial conditions in the iteration procedure.
The current scheme, therefore, brings new insight to the iterative
solution of wing flows using known airfoil characteristics.

The results from the new scheme compare fairly well with wind-
tunnel poststall data for wings. The results from the current method
also agree well with well-known trends in stall patterns. Although
the new iteration scheme is significantly more robust than traditional
formulations, there are a few angles of attack at which either conver-
gence is not achieved or nonphysical sawtooth oscillations in the Cl

distributions are observed in the stalled regions of the wing. Thus,

the current approach, like many of the earlier ones, is not always
guaranteed to converge to physically realizable poststall solutions
for every geometry and airfoil combination. Nevertheless, the cur-
rent approach has significant potential in providing information for
the analysis of aircraft longitudinal stability and control character-
istics at poststall conditions.
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